QUASI ADDITIVE SET FUNCTIONS AND THE CONCEPT
OF INTEGRAL OVER A VARIETY

BY
LAMBERTO CESARI(Y)

In the last years a great deal of research has been done on the axiomatiza-
tion of the concept of linear integral over a variety T, but very little for the
nonlinear integrals 3= [zf(p, ¢), p=(b1, - * , Pm), ¢=(q1, * - -, @), though
they have their natural place in Volterra’s functional analysis. In the present
paper we give the first elements of a very general axiomatization concerning
such integrals. This is done by introducing a concept of quas: normality (quasi
additivity, quasi subadditivity, etc.) which extends Banach’s concept of nor-
mality. As we will see, if ¢(J) is a quasi additive set function of bounded varia-
tion, then the integral §(f, T, ¢) of a function f(p, ¢) over any continuous
parametric mapping T with respect to ¢ (f positive homogeneous of degree
one in ¢ but not necessarily linear) can be defined by a process of limit on
the set function ®(I) =f[T(r), (I)], €I, and this set function is proved to
be itself quasi additive [§6, Theorem (i) ]. It appears, therefore, that the con-
cept of quasi additivity is a generalization of the usual additivity which is
reproduced by the integrand f, though the latter is not linear. The integral
& is obtained by means of a process of limit involving a mesk § which is de-
fined axiomatically. Such a process is more general than usual since § is not
required to decrease nor approach zero by refinements only. Examples of this
situation are known (§4). In successive papers we will discuss the problem of
extension and other properties of the integral & in connection with measure
theory, Radon-Nikodym derivatives, and weak convergence.

The present integral & contains, as a particular case, the concept of integral
over a continuous surface T of finite area, as defined by the author and used in
surface area theory and the calculus of variations by L. Sigalov, J. M.
Danskin, V. E. Bononcini, J. Cecconi, L. H. Turner, and the author. In this
particular situation ¢([) is the usual vector signed area of the same mapping
T.

Asis natural, the same integral & contains, as a particular case, the classic
Weierstrass integral over a curve of finite Jordan length.

Finally, the process of limit considered in the present paper can be thought
of as extending Burkill’s integration process for normal interval functions.
Burkill's integral has been used in connection with total variation, Jordan
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length, and area of nonparametric surfaces by T. Radé, S. Saks, L. Tonelli
and others. On this subject we mention the monograph of S. Kempisty [2].

For the bibliography on the general subject see [1]. In particular, for
some extensions of the usual requirements in connection with Burkill integra-
tion, see, e.g., L. Tonelli [6a] and H. Kober [3].

1. The concept of mesh. We shall denote by 4 a given set, or space, by
{1 } a collection of subsets I of 4, by © a nonempty family of finite systems
Dofsets I€{I},ie.,, D=[I]=[I, - - -, Ix], and D is not necessarily a par-
tition of 4. We shall denote by 6(D), DED, a real function defined for all sys-
tems DED. We shall denote the sets I as “intervals” and 6(D) as the “mesh of
D,” or a “mesh function.” Concerning the systems D& D we will make either
of the following hypotheses:

(b) Either (b’) 4 is any set, and the sets I of each system DED are dis-
joint, i.e., I, JED implies INJ =, & the empty set; or (b’”’) 4 is a topo-
logical space, U is the collection of all open sets U of A4, each set I€ {I}
possesses interior points, and the sets I of each system DD are nonoverlap-
ping, i.e., I, JED implies I°, J'# &, I’'NJ°=I*NJ°=I'\J*= &, where °
and * denote the subsets of the interior and boundary points of a set in 4 (in
the topology U).

Concerning the mesh function 6(D) we make the following hypotheses:

(d)) 0<8(D)<+ = for every DED;

(d;) Given €>0 there are systems DED with 0<8(D) <e.

Note that 6(D) is a property of the whole system D. It is not requested that
any system DED has in D some refinement D’, and, if this happens, no rela-
tion is implied between §(D) and §(D’).

Let ¢(I) = [¢i(I), - - -, ¢(I)], IE{I}, be any real-valued interval vector
function defined for every IG{I}. If k=1 we say that ¢(I) is an interval
scalar function. By ||¢|| we shall denote the Euclidean norm.

Foreveryr=1, - - -, k, weshalldenote by 4B, =4B(¢,, 4), *B,=*B(¢r, 4)
the numbers

+8, = «B(¢,, 4) = lim inf Y ¢,(I),

8(D)—0 rebp

*%' — *%(¢" A) = lim sup Z ¢r(1))
8(D)—0

IeD

— 0 S4B, <*B,< + © ,where D= [I] denotes any system DED. The num-
bers £B,, *B, could be denoted as Burkill-type lower and upper integrals of ¢..

Finally’ we Will pUt *SB: (*%1’ C *%k)r *%= (*%l' Y *%k). If *$r= *%r
(finite, or not), r=1, - - -, k, i.e., if the limit exists
B, = B, 4) = lim 2 ¢.(I), r=1---,k
5(D)—-0 1eD

we shall denote by B=23(¢, 4) the vector (or Burkill-type integral)
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B =B(g, 4) = lim 2 ¢(I).

8(D)-0 1eD

For nonnegative scalar functionsy we will find it convenient to denote +8(¥),
*BY), BW) by V), *V), V() respectively. Thus 0S«V=*V=+,
and 0S V=<4« if V exists. It may occur that ¢(I), Y(I) depend also on
arbitrary parameters, and that the lim inf, lim sup, above are taken for all
possible values of the parameters. In this case the limits above, if they exist
are then independent of the choice of these parameters.

2. Quasi normal functions. Let ¢(I) =(¢1, - + -, ¢s), IE { I}, be any real-
valued interval vector function. We shall say that ¢(I) is quas: additive (with
respect to the mesh function §(D) and the family D) provided

(p) given €>0 there is a number n=1n(€) such that, if Do=[I|ED is any
system with 8(Do) <n, then there is also a number A =X\(e, Do) >0 such that,
for every system D= [J]|ED with §(D) <\ we have

(¢1) >

IeD,

(¢2) 2 sl <«

J¢rI

Y 60) — 6D H <

JcI

where the last sum is taken for all JED, J{ I for any IED,.

If m is any real number, let m*, m~ be, as usual, the numbers m*
=(|m| +m)/2, m~=(|m| —m)/2.

An interval scalar function ¢(I) is said to be quasi subadditive (with re-
spect to the mesh function §(D) and the family D) provided the statement ()
holds which is analogous to (¢) where (¢1), (¢:) are replaced by the single rela-
tion

) > [ > ) - W)]_ <e

IeDy L Jcr

In an analogous fashion we can define guasi overadditive scalar functions.
A scalar function ¢ is said to be quasi normal if it is either quasi additive, or
quasi subadditive, or quasi overadditive.

We shall denote by S(¢, D) the sum »_¢(I), where ) ranges over all
IED. If ¢ is quasi subadditive, then —y is quasi overadditive. It may occur
that ¢(I), ¥(I) depend also on arbitrary parameters, and we may require that
the numbers 75(e), A(e, Do) of definitions (¢), (¥) can be determined inde-
pendently of the values chosen for these parameters.

(2.1) A vector function ¢(I)=(¢y, * * + , ), IE {I }, is quast additive (with
respect to 8(D) and D) if and only if all components ¢,(I), r=1, - - -, k, are
quasi additive (with respect to (D) and D).
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This statement is an immediate consequence of the definitions.

(2.ii) If ¢', @' are quasi additive, then the sum ad’ +B¢", o, B real, is quasi
additive. If ¢', ¢'' are quasi subadditive, then the sum a¢’ +B¢"’, a, 820, is quasi
subadditive.

This statement is an immediate consequence of the definitions and of the
triangular relations: ||| <[« +||o|| for all vectors u, v, [u+ov]*Sut
+v*, [u+v]-<wu—+v for all real numbers «, v. As a consequence of the
definitions we have also

(2.ii) If all |¢,], r=1, - - -, k, are quasi additive, then also [|¢>” 1S quast
additive.

(2.iv) Under the conditions of (p) we have HS(¢, D) —S(¢, Do)” <2e. Fora
nonnegative Y, under the conditions of (), we have S, D) — S, Do) > —e.

Proof. We have

S(¢, D) — S(¢, Do) = 3 [ 2 o) — ¢(I)] + 2 o),
IeD JcI J¢I

and (¢1), (¢:) imply the first part of (2.iv). Analogous relation holds for ¢,
and, if ¢ 20, then (¥,) implies the second part of (2.iv).

(2.v) If ¢(I) is any quasi additive vector function, then the limit exists and is
Sfinite

B =B(¢) = lim S, D) = lim 2 é(),
8(D)—0

3(D)—0 r1eD
B= By --,B), — 0 <B, <+ «, r=1,---,k

If Y(I) is any nonnegative quast subadditive scalar function, then the limit exists
(finite, or + =)
V@) = lim S@, D) = lim 23 ¥(),

3(D)—0 5(D)-0 1eD
0=V =+ ». In other words, B(¢p), V() exist as Burkill-type integrals.

Proof. Given €>0, let 5, Dy, X as in (¢) and suppose D, D’'ED, §(D) <A\,
8(D’) <\. Then, by (2.iv), we have||S(¢, D) —S(, Do)|| <2¢,||S@@, D) —S(®, Do)|
<2¢, and finally ||S(¢, D) —S(o, D’)“ <4e. This proves the first part of (2.v).
Given €>0 let  be as in () and note that, by the definition of *V=*V({),
there is a Dy&D with 8(Do) <n, S, Do)>*V—¢ if *V<+ o, >et if
*V=4 o, Let A=N(¢, Do) as in (¥) and note that for every D&D with
3(D) <\ we have, by (2.iv), S, D) —S®, Do) > —e and hence S, D)>*V
—2eif *V=+4 o, >el—¢if *V=+4 . Thus «V=*V—2¢ or Z€¢'—e re-
spectively, and finally  V=*V, Thus, +V=*V=V, 0=V + .
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REMARK. Note that V({) is the lim sup S, D) and not the sup S, D).
Examples show (§4) that these numbers may be different. If axiom () is
replaced by (¢*) Given €>0 and any finite system Do= [I]ED, there is a
number N=\(e, Do) >0 such that for every system D= [J]ED with §(D) <\
we have (Y1), then V() =sup S, D).

3. First properties of quasi normal functions.

(3.1) If ¥ is any nonnegative quasi subadditive scalar function and V()
<+ o, then Y is quasi additive. In other words, if (d), () hold, ¥ =0, and the
Burkill-type integral V() is finite, then (¢p) holds.

Proof. Let n(e), AM(¢, Dy) be as in (). Since V(¥) exists and is finite, given
€>0 there is a number u(e) >0 such that for every Do=[I], D,€D, with
6(Do) <u(e) we have

(3.1) | vw) — D] < ¢/3,

where Y r denotes any sum ranging over all IED,. Let D, be chosen in such
a way that §(D,) <min[u(e), n(e/6)]. Take N’ =N\’'(e) =min [u(e), N(e/6, Do)]
and consider any system D= [J], DE®D, with §(D) <\'. By (¢) we have

3.2 2 [ 2D90) — D] < ¢/6,

where )" denotes any sum ranging over all JED, JCI. On the other hand,
we have

(3.3) | V@) — Zov0)| < e/3,

where D s denotes any sum ranging over all JED. Note that for every real
m we have |m| =m*+m~, m=m*—m~ and hence |m| =m+2m—. We shall
denote by 2’ any sum ranging over all JED with J{ I for any IE€D,. We
have
0= 20| 2090 —v()| + 2 v0)

=2 [2090) — 9] + 2 25 [P 90) — v+ X v(0)

=20 = VW] = [Zrv(D) = VW] + 2 Zi [ZDv() — (D],
where in the second member both expressions are nonnegative. By (3.1), (3.2)
and (3.3) we have

0= 3y I 2D Y(J) — \0(])! +2YJ) S e/3+¢/3+¢/3=0¢

and both requirements (¢,), (¢:) are satisfied for the nonnegative scalar func-
tion ¥, i.e., ¥ is quasi additive.

3.ii) If ¢(I)=(¢y, - - -, Pn) is quasi additive, then the functions ¢.(I),
r=1, - - -, k, are also quasi additive, and the functions ”¢”, ¢,| , &, ¢ are
quasi subadditive.
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Proof. We shall use below the notations Dz, >.®, >’ introduced for the
proof of (3.i). Given €>0, let n(¢), Do=[I], (¢, Do), D=[J] as in (¢). For
every IE€D, let u(I)=(w, - - -, ux) be the vector

w(l) = 2@ ¢(J) — ¢(D).
Then, by Minkowski's inequality, we have
o + (]l = | 2 6| = [Z. (X 6,07
= 20 [ eWN]r = 20 (s
On the other hand, ¢(I) = [p(I) +u(I) |+ [—=(I)], and hence
S el - llel 2 le@ + ]| = [ls] 2 = lu@)],
[Z@ sl = lle@ll}- = [l«,
2 [ZOsD = lel[I- = Zludl| <,

and this proves that ]|¢” is quasi subadditive. By (2.i) we know that the
functions ¢, r=1, « - -, k, are quasi additive, and by the result now proved
we conclude that the functions |¢,| are quasi subadditive.

Observe that for all real numbers m, p with p =0 we have l m— p| = I D —m|
=m~. Indeed, if m =0, then m—=0;if m <0, then [m—pl = —m“—pl =m"
+p=m—. We have now

w(I) = 250 ¢.(J) — ¢,(I)
= [Z®¢+(0) — (D] = [X@ ¢7() — ¢r(D)].

If ¢,(I) 20 then ¢;7(I) =0 and

[Z@¢r() — ot} = [w(D], [E@¢r0) —0-=0.
If (1) £0, then ¢;+(I) =0 and

[Z®etr() =0 =0, [Z®¢0) — ¢ = |uD].
In both cases we have
[Z06r0) — 62D s ||,  [X®er0) — D) = |w(D],
and finally, since ¢, is quasi additive, also
T X0 o) — ¢+, Ti[XP () = ¢r(D = 2 | w(D] <
Thus ¢;t, ¢; are quasi subadditive, and (3.ii) is proved.

(3.ii1) If all components ¢, of ¢= (1, - - -, d) are nonnegative and quasi
subadditive, then ”(;b” 1s quasi subadditive. If all functions ¢, ¢, r=1, - - - | k,
are quasi additive, then all functions ¢,, |¢,| , ”qS” are quasi additive.

Proof. Given >0, there is 7(€) >0 such that for every Do = [I'] with (D)
<1, there is a A\=\(¢, Do) >0 such that for D= [J] with §(D) <\ we have
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EI [Z(I) ¢r(J) - ¢r(I)]— < r=1,---,k

If u,, u}, u;7 have the usual meaning, we have u,=u}—u;, 4} 20, u; 20, and
0= D) <e r=1,-.-,k.
If wut(D)=(uit, - - -, ud), uw(I)=(ui, - - -, i), then, as above, we have
6.4 lo + w]l = Z ol
' @ = llé@) — w@| + lw@Il.

If w(I)=(w, - - -, w) is the vector whose components are w,=0 if ¢,—u;
=0, w,= |¢,—u,‘| if ¢,—u,<0, then, since ¢,=0, we have, in the latter
case, |w, =l¢,—u;‘| §|u7| =u;, and in any case, |'w,] Su;,r=1,:---, k.
Hence ||| <||%|, and also
(3.5) o) — w @] = l6() — =) + w(D] + lw@)].

Finally, we observe that all components of the vectors ¢ —u~+wand ¢ —u—
+w+ut are not negative, and the components of the former are < the cor-
responding components of the latter. Hence

(3.6) l6 —w+uw| |6 —v +w+wt] =6+ u+ ]
By force of (3.4), (3.5), (3.6) we have successively,
¢l = lle — wl + llo]l =6 — w + ]l + [[el| + [|o]

< lo 4w+l 4 [lwfl + lo] = llo 4 all + [l + ([l + ol
< lé + ol + 3]+,
6| = [l6D) + w(@D]| + 3[ur () + - - - + v (D].
Finally, we have

e = Z@ e + 3 2w (D),
2 [ 20\eD)]| = ll¢DI]- = 3 2, Zrur() < 3ke.

Thus, the first part of (3.iii) is proved. To prove the last part, observe that
¢ =0F — 5, |¢>,| =¢}+¢; are quasi additive by force of (2.ii), and that
?, ”¢|| are quasi additive by force of (2.i) and (2.iii).

(3.iv) If ¢ is any quasi additive vector function, then the limits exist

L = B(p) = lim S(¢, D), B=(By,---, By,
§(D)—0

B, = B(¢,) = lim S(¢,, D), — 0 <P < Foo,r=1,--:,k
8(D)—0

V=v(¢l) = lim S(¢|, D), 0SVE+ w,
$(D)—0
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Ve=V(| ¢]) = lim S(| |, D), 0SV,S+w,r=1---k
§(D)—0

Vi = V(e = lim S(¢i, D), O0S VS w,r=1,---,k
3(D)—~0

V;-=V(¢;~)= lim S(d’r—,D), 0§Vr_§+°°,f=l,"',k.
8(D)—0

This statement is a consequence of (3.ii), (2.v). Note that, if V= V(||¢H)
<+, then V,, Vi Vi<+w,

(3.v) If ¢ is any quasi additive vector set function and V(||@||) <+ =, we
have

Vi — Vy = %r; V;++ Vi = V')

|8, =v. 5V, r=1,---,k
k 2 1/2 k P 1/2 k
nm=(;&)g(zm)gmm§;m
P ral o

These inequalities are an immediate consequence of the definitions. Note
that the third inequality of the last line is a consequence of the triangular

relation
{Z[Z1e0l]} s Z[Eo0]"

r=l L IED IeD re=l

(3.vi) If ¢ is any quasi additive set function and V(|¢||) <+ «, then all
Sfunctions ¢, ¢, ||¢||, l¢,l , &F, ¢ are quasi additive.

Indeed, all ¢, are quasi additive by (2.i) and ”¢||, |¢,| , @i, 7 are quasi
subadditive by (3.ii)). By V< + « we deduce V,, Vi, Vi< «, and by (3.i)
we conclude that ||¢||, | .|, ¢+, ¢ are quasi additive.

(3.vil) If ¢ is quasi additive and V(||¢||) <+ o, then given €>0 there is a
number u(e) >0 such that, for every Do= [I], DoED, with §(D,) <p, we have

|2@ - = o0

IeD,

<o |Vl - X ool | <6
IeD,

and analogous relations hold for V., Vi, Vi, r=1, - - -, k. In addition, given
€>0and DyED with §(D,) <u(e), there is another number \=X\(e, Do), 0 <A\ Sp,
such that for every other system D= [J], DED, with §(D) <\(e, D), we have

T X o) — oD ,<e, T Z el = llell| <«
I€D || JeI I€eDy | JcI
> sl <«

J¢I for any IED,
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and analogous relations hold for ¢., ¢;+, ¢7. We may also suppose u(e) Se.

This statement is a consequence of (¢1), (¢2), (3.iv), and (3.vi).

4. Examples.

1. Suppose A = [0, 1] with the usual topology, {I} the class of all inter-
vals I=[a, b]C4, a<b, and define | I| =b—a. Suppose D be the family of
all finite systems D=[I] of nonoverlapping I E{I } If we take 6(D)
=[1- ZIII ]+max |I], then 0<6(D) <2, and the axioms (d) are trivial.
Take k=1 and ¢(J) =b—a>0. Given €>0 arbitrary take n=7(e) =¢/2 and
let Do=[I;, j=1,---, N] be any system DD with §(Do) <n. Take
A=X(e, Do) =¢/4N. If D=[J] is any system with §(D) <\, and we denote
by D/ any sum ranging over all JED with JQI for any I€D,, we have
o)) <[1— 2| I;| 1 +2N(e/4N) <e/2+€/2=¢, and (¢2) holds. Also, if
> @ denotes a sum ranging over all J € D with J C I;, we have ¢(I)
— 2D ¢(J)>0,and 3, [¢(I)) = 2P ¢()) ] <[1— 2| J| ]+2N(e/4N) <e/2
+¢/2=¢, and (¢1) holds. Thus, ¢ is quasi additive with =1,

2. Suppose 4, {I}, and D as above. Take ¢(I) =|I| =b—a if I=a, b],
0<a<b=1,¢(I)=|I| +1if 0=a<b=1. Take §(D) as above if for no IED
we have a=0, take §(D)=[1— > |I|]+max |I| +1 if for one IED we
have I=[0, b]. If <1 and (D) <1, D= [I], then there is in D no interval
I=[0, b]. Axioms (d) are trivial. By the same reasoning above with
n=min [¢/2, 1] we prove that ¢ is quasi additive with V=1.

3. The same as 2 with the two definitions of §(D) exchanged. Then if
n<1and 8(D) <1, D=[I], there is in D one interval I= [0, b]. By the same
reasoning we prove that ¢ is quasi additive with V=2,

4. Suppose 4, {I}, and D as above. For every real m, 0Sm <1, take
o(m) =0 if m isirrational, o (m) =1/p if m=q/p, p, ¢ integers, p =1 minimum,
0<g=<p Take k=1and ¢(I) = |I| =b —a for I = [a, b] C 4. For
D=[I;, j=1,--, N|, Ij=[a; b;] take 8(D)=[1— X[I,;||4+max |I]
+ Y o(a;)+ D> od;). For D=[I,], I,=[0, 1], we have §(D) =0+1+1+1=3;
for D= I, L], I,=[0, 1/2], I,=[1/2, 1], we have 8(D)=1/24+(1+1/2)
+(1/24+1)=341/2. Thus 8(D) does not necessarily decrease by refinement.
Axiom (dy) is trivial. Given €>0 let D= [I;] with I;= [aj, b;], all aj, b; irra-
tional with 1— Y (b;—a;) <e€/2, bj—a;<e/2. Then §(D) <e. We may also
choose an integer M 23, M >4/¢, M prime, and suppose a;, b; all of the form
g/M? q=1,2,-.-, M*—1, and N=M. Namely, we may take a1=1/M?,
a=h= 1/M+1/M2,03=bz=2/M+1/M2, cry, an=by_1= (M— 1)/M
+1/M2, by=1—1/M? Then §(D)=2/M?)+(1/M)+M(2/M?*)<4/M<e.
This remark shows that Axiom (d;) also holds. The proof that the Axioms
(¢1), (¢2) hold is the same as for Example I. Thus ¢ is quasi additive and
B=1.

5. Suppose 4, {I} , and D as above. Suppose k=1 and ¢(I) = l I[ =b—a
if both a, b are irrational, ¢(I) =a—b otherwise. For D= [I]E€D, I = [a, b],
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take 6(D)=(1— ZlIl)+max III if all @, b are irrational, take 8(D)=1
otherwise. Obviously Axioms (d) are satisfied. If D= [I], §(D) <1, then all
a and b are irrational. Obviously Axioms (¢) are satisfied, ¢(I) is quasi addi-
tive, and B=1.

6. The same as in 5, with 8(D)=(1— 2, |I|)+max |I] if all @, b are
rational, 8(D) =1 otherwise. All Axioms (d) and (¢) are satisfied, ¢ is quasi
additive, and B=—1.

7. Jordan length for continuous curves. Let C:x = x(f), 0 £t =1,
x=(x1, - - -, %x), be any real continuous vector function (a continuous para-
metric curve). Take 4= [0, 1], {I} the class of all intervals I=[a, b]C4,
® the class of all finite subdivisions D= [I;, j=1, - - -, N], I;= [a;_, a;],
0=go<a< : - <axy=1, and suppose &(D)=max II,-] =max (a;—a;-1).
Then 0<8(D) =1 and Axioms (d) are trivial. Suppose ¢(I) = (¢y, * - -, ¢x),
&.(I) =x,(b) —x,(a), r=1,---, k, for every I=[a, b]CA. Denote by
M,=max Ix,(t)l for 0<t<1, and M=max M,, r=1,-- -, k Given ¢>0
take n=n(€)=2, let Do=[I;, i=1, - - -, N] be any system DyED (with
8(Dy) <2). Because of the continuity of x(f) there isa A=»A(e, Do) >0 such that
ll¢(D|| <e/2N for all I=[a, b] with b—a <\. Now suppose D= [J] be any
system DED with §(D) <\. Then the sum '||¢(J)|| contains at most
2(N—1) terms and E’”q&(])"<2(N—l)(e/2N)<e. For each I;ED, the
intervals JED, JCI;, leave uncovered in I at most two terminal intervals,
say H', H" (if any). Then we have

$(I) = 29 o)) + ¢(H') + ¢(H"),
o) — @ o] = lle@)] + ll6(E")|| < ¢/N,

and
Sille) — 2@ ()|l < N(e/N) = ¢

where Z; rangesoveralli=1, - - -, N,and »_® overall JED, JCI;. Thus
¢ is quasi additive, and by (2.i) all ¢, are quasi additive. By (3.ii) all |[¢|I,
|¢,|, ¢+, ¢ are quasi subadditive. Obviously V= V([|¢>I|) is the Jordan
length of the curve C, and V,= V(I¢,|), Vi=V(¢}), Vi=V(dr) are the
total variation, the positive and negative variations of x.(¢), 0=t=1. If
V< + o, then C is rectifiable, V,, Vi, V7 <+ », and the functions ¢, ¢,,
||¢||, |¢,| , &7, ¢; are all quasi additive.

8. Jordan length for discontinuous curves. Let C:x = x(¢), 0 £t = 1,
x=(x1, - - -, %), be any real vector function (a parametric curve not neces-
sarily continuous). Take 4, {I } , © as in Example 7. For every fo, 0=5¢,<1,
let s*(¢p) =1lim sup Hx(t) —x(to)” as t—typ+, and let s*(1) =0. Analogously, for
every ty, 0<£p =1, let s=(fp) =lim sup [|x(t) —x(to)H as t—ty—, and let s—(0) =0.
Finally, let s(to) =s*(fo) +5~ (o) for every 0=¢(0=<1. As in Example 7, we sup-
pose ¢(I)=(¢lr ] ¢k)r ¢r(I)=xr(b)—xr(a); r=1,.--., kv for every
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I=[a,b]CA. Then V=sup Y ||¢(I)| is the Jordan length of C,and V< + o
if and only if x,(¢), r=1, - - - ,k,are BVin 4. If V<4 «, then s(¢), 0=5¢=1,
is zero everywhere but for countably many ¢, and the sum (or the sum of the
series) o= Y s(f) =V is finite, where Y ranges over all . If we take 8(D)
= max II;] +o— D s(t), where D=[I, ---,Iy], Li=[ain, a:i], 0=a,
<@ < - - - <any=1, where max is taken for all ¢=1,.--, N, and Z
ranges over all =0, 1, - -, N, then §(D) is a mesh function and ¢(I), IE€ { I}
is quasi additive with respect to 8(D) and . We leave the proof to the
reader. Then it is easy to prove also that V= V(”¢||)=lim E“qS(I)H as
8(D)—0 where Y ranges over all IED, DED.

9. Cauchy integral in an interval in E,. We may suppose A is the unit

interval 4=[0=x,<1,r=1, .-, m], and D is the collection of all finite
subdivisions D=1 of 4 into intervals I=[a,<x,<b,, r=1, - -, m]. Let
f(x), x€EA, x=(x1, * + -, %), be any bounded real function |f(x)| <M, and,

for every I, let I=1I(I), L=L(I) denote the infimum and supremum of f(x) in
I, Al)=L—1I, F=F(I) any number ISF<L, and ¢(I)=F()|I|, |I|
=({b1—a) + + - (bn—am). Let §(D)=max diam I for all IED, where DED.
Then 8(D) is a mesh. The Riemann integrability condition reads: (R) Given
€>0 there is a ¢ =¢(€) >0 such that Y A(I) | I[ <eforall DED with §(D) <.
It is easy to verify that (R) implies the quasi additivity of ¢(I) (with respect
to ® and 8(D)) and vice-versa. The limit B=1lim Y ¢(I) is the Cauchy
integral of f(x) in 4.

10. Lebesgue-Stieltjes integral. Let u be a measure function in a o-ring B of
subsets of a space 4, i.e., (4, B, u) is a measure space, and let f(x), xE4,
be a u-measurable and u-integrable function. It is not restrictive to suppose
f(x) 20. For every 0<p <+« and 0<p<g=<+ =, denote by B(p), I(p, q)
respectively the sets B(p) = [xE A4, f(x)=p], I(p, 9)=[xEA, p<f(x)=<q].
These sets are all u-measurable and 0<pu[B(p)] <+, u[B(+ =)]=0,
(and we define pu[B(p) | =0for p=+ ), pu[I(p, ¢) | <+ =, and D> pu[B(p)]
<M <+ » for some M (say M =1), where Y ranges over all p>0. Thus the
set P of all p>0 with u[B(p)]>0 is countable and the corresponding series
2 ou[B(p)] is convergent. Also I(p—7, p+7)—=B(p), nl[I(p—7, p+7)]
—u[B(p)] as 7—0+ for every p>0. Let {I} be the collection of all sets
I(p,9),05p<g=+ »,and lety(I) = pu[I(p, 9], I€{I}. Let D be the family
of all finite decomposmons D=|[I, i=1,---, n] of A into sets

=[xE4, pia<fx)Sp:]E{I} with 0=pe<p1< -+ + <par1<pa=+ .
Finally, let 8(D)=1if n=1, and, if n>1,

3(D) = max l[p;—p;_1]+ + Zp.u[B(p)]

i=1,...n— n—1 foml

Then §(D) is a mesh function (§1) and (1) is quasi additive (with respect to
D and 8(D)). To prove the last statement, given e>0, take n=1n(¢)
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=min [¢/4M, 1] and let Do=[I;=I(piz1, p3), =1, - -, N], 0=po<pr
< - Lpya<py= »,beany DiED with §(D¢) <7.Then there are numbers
7:>0 such that u[I(pi—i, pit7:]<w[B(p))+e/4Np;, i=1, -+, N—1.
Take 7=min 7;, and A=\(¢, Do) =min [p;—pi_1, i=1, -+, N—1; 1/pyy;
). D= [J;=(g-, @), j=1, - - -, n],0=00<q1< * -+ <gu1<ga=+,
is any DED with §(D) <\, we have J1CI, J.Cly, and

N
A= [ X9 — )]

gl

N
= 2 [ 29 gimwlI (g1, 4] — pi—w[I(piy, p0)]]

t=1

where all g;_s, g; relative to Y. are between p;_; and p;, and go=po=0. We
have

N
A= E Pi—l[z(‘) elI(gs-1, 4] — wlI(pimy, )1l

2

N—1
< Y pialu[B(pi-1)] + ¢/4Npis + u[B(p:)] + ¢/4Np]

+ pvoalw[B(pw-1)] + /4N pw-1]
< 26(Do) +e/4+€e/4<e/2+ /4 + /4=

Thus (1), I E{I }, is quasi subadditive (with respect to D and 8(D)), and
hence V=V)=Ilim Y_¢(I) exists as §(D)—0, where Y- ranges over all
IED. Since f(x) is p-integrable, we have V= V() <+ «, and by (3.i), ¢ is
quasi additive. Also it is easy to prove that V(§) = (4) [f(x)du is the Lebesgue-
Stieltjes integral of f(x) in 4 (see, e.g., [5; 8]). (It is also known that the limit
above exists even if taken as A—0 with A =max [p;—pi_1]+1/pnr.)

11. Weierstrass integral over a rectifiable continuous curve C. Let C: x =x(t),
0=<t<1,x=(x, - - -, %), be any real continuous vector function with finite
Jordan length L. As in Example 7, let 4= [0, 1], T the class of all I=[a, b]
CA, D theclass of all finite subdivisions D = [I;,i=1, - - -, N], ;= [a:21, ai],
0O=agy <1< -+ -<ay=1, and 6§ = §(D) = max (a; — a;1), and ¢(I)
=(py, - - -, &), &(I) =2,(b) —x,(a). Then L="V(||¢||) (Example 7) and all
functions ¢, ¢, ||¢||, [q&,] , &+, ¢; are quasi additive with respect to D and
3(D). Let K be any compact set containing the graph [C] of C, i.e., [C]
CK CEg, and let f(p, q), pEK, ¢E Ex, be any function continuous on K X E;
such that f(p, tq) =tf(p, ) for all £20, pEK, g€ E;. For every IE€ {I}, let
®(I) =f[x(r), ¢(I)], where 7 denotes any arbitrary point 7&I. Then ®(I),
Ie {I } , is quasi additive with respect to © and (D) by force of Theorem
(6.i), and the numbers n(€), (e, Do) of §2, can be taken independently of the
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choice of the 7’s in the intervals I. Thus, the following limit exists and is
finite:

3= fc o0 = lim 3 (D)

8(D)—0 reD

= lim Ef[x("'i), x(a;) — 2(ai-)],
3(D)—0  jm1
independently of the choices of the points 7;& [a;-1, a;]. This limit is known
as the Weierstrass integral of f on the rectifiable curve C and was studied by
L. Tonelli, G. Bouligand, N. Aronszajn, K. Menger, C. Y. Pauc. See [1]
for references. It is known that & is invariant with respect to Fréchet equiva-
lence, i.e., it is independent of the representation C: x=x(¢) of C. In particular,
if s=s(¢) denotes the Jordan length of the curve C; defined by x() on [0, ¢],
0=s=<L,and X(s)=x[s(t)], then C: x=x(s), 0Ss=<L, is a representation of
C, X (s) is Lipschitzian of constant 1, and & is given by the Lebesgue integral

3= fc fb,0) = f 1X), X'()]ds.

12. Integral on a continuous surface of finite area. Let A CE, be any “ad-
missible” set of the w-plane E,, w= (x4, v) [1, p. 27], thus 4 may be, e.g., any
open set, or any finitely connected closed Jordan region. Let T:x=x(w),
wEA, x=(x1, Xz, X3), be any continuous mapping (surface) from 4 into any
set K, thus, if [T] is the graph of T, we have [T]CK CEs. Note that T is
supposed to be single-valued but not necessarily one-one. Also, we suppose
that the Lebesgue area L=L(T) of T is finite and positive. Let {r} be the
class of all closed simple polygonal regions # C4, and D the class of all finite
systems D= [r]=[m, - - -, ] of nonoverlapping regions &€ {r}. If E,,,
r=1, 2, 3, denote the oriented coordinate planes of E;, and 7, the projection of
E; onto E,, then T,=7,T is a plane continuous mapping from A4 into E,,,
whose Lebesgue area will be denoted by L,=L(T,). Note that T, T, map the
oriented boundary curve 7* of r into continuous closed curves C, C,, and C, is
the projection of C on E,,. If O(p, C,), p € E,, denotes the topological index of
any point pE E,, with respect to C,, (0=0o0n [C,], 020 0r =0 on E;,—[C,]),
then the function O(p, C,), p € E,,, is L-integrable, and we put u(w) = (4, us, #3),
€ {r}, where u,(r) = (Ex)[O(p, C.), r=1, 2, 3. In [1, p. 358] the following
indices, or indices of fineness, have been defined

d(D) = max osc(T, =), rE€ D,

m(D) = max m,, r=1,23,

I‘(D) = max[L - E “u(‘”)"’ L - E | “r(")l »r= 1’ 2, 3])
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where Y, ranges over all 7€D, and where m,= | B,| is the two-dimensional
Lebesgue measure of the compact set B,,

B,=T,(U 1r"‘>= U [c], r=1,23.
x€D x€D

It is proved in [1, p. 358] that, given €>0, there are systems D= [r] with
d, m, u<e. Thus

8(D) = d(D) + m(D) + u(D), DEYD,

is a mesh function (§1). The following statements have been proved:

(a) [1, pp. 186, 296]. If N(p, T,)=Sup .| O(p, C,)|, where Sup is taken
for all DED, then N(p, T,), pEEy,, is L-integrable, and L,=(E,) [N(p, T,),
r=1, 2, 3.

(b) [1, p. 358]. There are measurable sets H, CE,, such that Z| o(p, Cy) I
=N(p, T,) for all pEE,—H, (Y, ranges over all 7€D) and ]H,I =u,
r=1, 2, 3.

(c) Since B, is compact, if B,,, p>0, denotes the p-neighborhood of B,
in E,,, we have B,,—B,, | B,,| | B.| as p—0+. Hence, there are numbers
pr>0 such that |B,,| <|B,| +0, for p=<p,, where o, is any positive number,
r=1, 2, 3.

(d) [1, p. 360]. If D= [r] is any system as above, and §=d+m+u is its
mesh, if D’ = [x'] is any other system and & =d’+m' 4+’ is its mesh, if d’ <p,
if B,, H,, B!, H! are the sets defined above for D and D’ respectively, let J,
be the set J,=B,,\UB;,JUH,\JH,. Then

ST w) — wm | s 20 f N, T),

= )] <0 [N, T, r=1,23,
where Y ranges over all 7€D, > ™ over all #’€D’ with #'Cm, and )/

over all 7’E€D’ with =’ {r for any #ED.
From (d) it follows immediately that

TIZ@ utw) - u@ll <25, 0 [ N6, 7,

=l < = 03 [ 6,7,

where D, ranges over r=1, 2, 3. We can now prove that () = (u1, us, %),
Tc {1r}, is quasi additive with respect to D and §(D).
Indeed, given €>0, there are numbers ¢,>0 such that (M)[N(p, T,)
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<¢€/30 for any measurable set M CE, with | M| <o,. Take n=1(e)=0
=min [0y, 03, 03], and suppose Do=[r]ED with §=08(Do)=d+m+u<n.
Hence |B,| =m,S<m<9=0,, and, by (c), there are numbers p,>0 such that
| B,,| <|B.| +o. for p<p,, and finally |B,,| <0,+0,=20,. Also |H,| Sp=<y
<¢,. Let pp=min [py, ps, ps] and A\=\(¢, Do) =min [po, n]. If D= ['] ED with
8 =8(D)=d'+m'+u’ <\, and B/, H! are the relative sets, we have | B/ |
<m] 2m' <A<n=o, and |H/!| S’ S\ =Zo,. Thus, if I,=B,,UB/UH,\JH,,
we have |J,| £20,+0,+0,+0,=50,, and (J,)[N(p,T,) <5(¢/30) =¢/6,
r=1, 2, 3. Thus

TN Z@ u(a) — um)|| < 2-3(e/6) = ¢,
S lut)|| < 3(e/6) < e.

In other words, u(w), 7€ {1r} , is a quasi additive vector function (with re-
spect to D and &(D)), and

vlel) = lim X2 [lu@| = L <+ .
8(D)-0 xeD
If f(p, q), p= (P, P2, p3) EK, ¢=(q1, g2, ¢5) E E;, is any function defined on
K X E; such that f(p, tg) =tf(p, q) for all t20, pEK, ¢EE;, let U= [¢EE;,
llgll =1] be the unit sphere in Es, and suppose that f(¢, g) be bounded and
uniformly continuous on K X U. For every 7€ {=} let r denote an arbitrary
point 7Em, and let

&(x) = fp(r), u(x)], * € {=}.

By force of (6.i), ®(w) is a quasi additive scalar function (with respect to
and 8(D)), and thus the following limit exists and is finite

3= [ 0= lim T e

8§(D)—0 xeD

= lim 2 f[p(r), u(x)],

8(D)—0 xeD

and this limit is independent of the choice of the points 7&w, #&€D. This
limit is the integral of the function f over the surface T defined by the author
[1, Appendix B]. This integral was used by J. M. Danskin, A. G. Sigalov,
J. Cecconi, V. E. Bononcini, and the author in surface area theory and the
calculus of variations. In [1, Appendix B] as well as in [9] it is shown that
the same integral & can be defined also by an analogous process with different
classes {w}, functions u, and mesh 8.

5. Alemma. If ¢(I)=(¢y, - + -, Px), [E { I }, is any quasi additive vector
function, let us denote by a,=a,(I) the numbers a,=a,(I) =¢.(I)/||¢(D)|,
r=1, - - -, k, provided ||¢(I)|| >0. Thus —1 e, <1,and X, &?=1.If ||¢(D)]|

=0let ay=0a,(I), 7=1, - - -, k, be any set of k real numbers with D, o?=1.



1962] QUASI ADDITIVE SET FUNCTIONS 109

Thusa(l)=(a4, - - - ,u), IE {I} ,is a vector function defined for all I€ { I},
with ||| =1.
(5.i) Let ¢(I)=(¢1, - -+, ¢x), IC{I}, be any quasi additive function with

V=V(|¢|l) <+ =, let €>0 be an arbitrary number 0<e<(2V+2)~!, let
o=6/48k, u=u(o), 0<u =0, the number defined by (3.vii), and let Do= [I] be
any system Dy&D with 8(Do) <u. Let A\=N\(o, Do), 0 <\ =u, be the further num-
ber defined by (3.vii), and let D = [J] be any system DE D with 8(D) <\. For any
IED, and JED let o(I), B(J) be the unit vectors defined above. Let Y 1, D.s,
3D, 3 denote as usual sums ranging over all IED,, all JED, all JED with
JCI, ali JED with J{I for any IED, and let ) * be any sum ranging over
all JED with JCI for some IE Dy and ||B(J) —a(I)|| 2 €. Then we have

(5.1) 2ol < X0 <
(5.2) Y 2@ o)l lla@) = BO||2 < ¢
and also

.3) X | Zoe0| = lell| <& Zil|2Z@60) — o] < ¢
18— Xro(|| < |V - Zilledl] <¢
18- Tse)l <6 |V —-slloDl] <e
Proof. By (3.vii) we have

18— 2o <o, |V = 2Zio@]] <o,
1B - sl <o, |V = 2Zsl6@] <o,

il Z®e() - )l <o,
S| Zollel — el <o 260 <,

and analogous relations hold for ¢, ¢/, ¢;, r=1, - - -, k. For every I€ D, let
3D denote any sum ranging over all JED with JCI, ||a—8|| Z¢, where
a=a(I) = (alv T ak)v ﬂ=B(J) = (ﬁly R ﬁk)r ”a” =||ﬁ|l =1. We have

esfa-Bl'= T (@—-8)2=2-2% ab.
By multiplication by ||¢(J)|| we have, since B.=.(J)/||¢()|l,
(5-6) loll = 2[llenll = - et (N].

Let us observe that this bracket is =0 for every unit vector a. Indeed, by
the Schwarz inequality, .

Sasns(Za) (Z4)" =l

r

(5.4

(5.5)
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By summation in (5.6) with respect to all JED with JCI, |la—8|| Z¢, we
have

e 240 ||o()]| = 2 2% [|lo(D)]] = 2or ()]

(5.7) =220 [l — s art(D)]
=220 s — Xrar Z® (D]
We shall denote as before by u(I) = (w1, + - -, us) the vector u(I) = >, D¢ (J)

—¢(I), hence u,(I) = 3 P¢,(J) —¢.(I), and observe that by force of the fifth
relation (5.5) we have Zz”u(l)” <o. Thus by (5.7) we have

e o0 o) S 2@ s = 2 enleeT) + w(D))],
and since a,=¢.(I)/||¢(1)||, by computation we deduce
e o0 o) = 2@ [ls]] = [l¢D]| = X armr(D],

where

l Zr arurl = (Zr azr)l/z(z f'u:)l/2 = (2' 5”2 = ”“”
Thus
e 200 |lol = 2[ @ le] = lleII] + 2D,

and, by summation over all IED,, also

e sl = 2 i [Z@ [l = o] + 2 [l
< 2[ s llel — X [le@|] + 20
=2V = Zsllel| + 2|V = Zells@l| + 2,
and, by the second and fourth relations (5.5), also
e Y *|le()]| € 20 + 20 + 20 = 60 < /8% < €,
S*lleW|| < ¢/8k < ¢,

and the first relation (5.1) is proved. The second relation (5.1) follows from
the seventh relation (5.5) since o <e. Note that we have ||a(l) -—B(J)” <efor
all JED, J CI except for those which appear in the sum ) _*P, and for these
we have obviously eé”a——ﬁ” =[Xr (r—B.)?]2 < 2k'2, Hence

2 2OsD| [l - 8D
< e 20 [e@| + 4k Z*[lo)||
< &(V + /48k) + 4k[e/8k]
SeeV+ 1D+ e/25¢/24¢/2 =

and (5.2) is proved.
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Relations (5.3), (5.4) are trivial consequences of the first six relations
(5.5) since o <e.

6. The concept of integral. Let ¢(I)=(¢1, - - -, ¢x), I€{I}, be any
quasi additive vector function (with respect to a system D and a mesh func-
tion 6(D) as in §§1, 2). Suppose V= V(||¢[|) <+ «. Then all functions ¢,
H¢||, &, &, &7, r=1, - - -, B, are quasi additive.

Let T:p=p(w), wEA, p=(x1, - - -, xm), be any mapping from 4 into a
given set K CE,,. Then, for every I€ {I}, denote by w(I) the oscillation of T
on I, i.e., the supremum of the differences ”p(u)—-p(v)” for all », v€1I. For
every DED, D= { I } , let (D) =max w(I) for all IED. Finally, let us suppose
that the mesh function §(D), DED, has been chosen in such a way that

(w) w(D) = §(D) forall D € D.

This is actually a continuity requirement for the mapping T in 4.

Let p=(x1, + - -, xm) denote any point pE E,, as above, ¢=(q1, - - -, q)
any point g€ Ex, and & the unit sphere in E;, or &= [¢€E;, ||q||=1]. Let
f(p, @), pEKCEn, gEE;, be any function of (p, g) defined for all (p, ¢)
€K X E;, such that

(f.) fis a bounded and uniformly continuous function of (p, ¢) in K X&;
(f2) f(p, tg) =tf(p, @) for all t20, pEK, ¢EE;.

Thus, by taking f(p, 0) =0 for every pE K, the function f(p, q), (¢, ) EK X Ex,
is continuous in K X E;. Under hypothesis (f) we shall understand (fi) and (f,).

For every I E{I } we may choose arbitrarily a point 7&1 and consider
the set function

&(1) = f[p(x), s(D)], 1€ {1}.
We shall prove the following main theorem:

(6.i) TueoreM. If ¢(I), IE{I}, is quasi additive (with respect to D and
8(D)) and V="V(|¢|) <+, if (@) and (f) hold, then ®(I), IE {1}, is quasi
additive (with respect to D and 8(D)), and, given €>0, the numbers n(e), N(e, Do)
of §2 can be determined independently of the choice of T in each set I, IED,
DcD.

The following statement is an immediate consequence of (6.i) and (2.v).

(6.ii) TueorREM. If ¢(I), IE {1}, is quasi additive and V= V(||¢||) < 0,
if (w) and (f) hold, then the following limit exists and is finite:

(6.1) §=1(,T,¢) = lim 3 flp(x), (D)),

8D)—0 IeD
— 0 <<+, where D= [I]GSD, T 1s any point T€I, IED, DED, and §
is independent of the choice of T on each I&D.

The limit S(f, T, ¢) is said to be the integral of the function f over the



112 LAMBERTO CESARI [January

mapping (or variety T) with respect to the quasi additive function ¢. We
shall denote & also by the notation

S =S, T, 9) = (4) f F(p(), $(I).

We shall denote by S(f, T, ¢, D) the sum under limit in (6.1).

Proof of (6.i). Since f is bounded in K X &, we have |f(p, g)| <N for some
N>0andall pEK, ¢€&. Let V=V(|¢||) and M =max [N, V+1]. For every
Ie {I} we have defined in §5 the unit vector a(I) = (a4, - - - , ax), and now,
by requirement (f), we deduce

flp@), o] = flp(x), «D)]l|6),
| 6@, 61| = Mo,
| S(T,f,¢, D)| = MS(|¢|, D).

If V=0 then we have also S(f, T, ¢)=0. We shall suppose V>0. Given
€>0 then, by (f1), there isa £>0 such that [f(p, Q) —f@', ¢)| <e/2M for all
p, P'EK, q, {ES, [|p—p’||<£, ||q—q’]| <&. We may suppose, furthermore,
ESQ2V42), £<1, £<e(6M)~'. In harmony with (5.i), let o=£3/48k,
p=pu(@), 0=u=c, the number defined by (3.vii),and let Dy= [I] be any sys-
tem D,ED with (Do) <u. Let A\=\(, Do), 0<A=u, the further number
defined by (3.vii), and let D= [J] be any system DED with §(D) <\. For
any I€D, and JED, let a(I), B(J) be the unit vectors defined in §5. Let
> 2 2@, 377 be the sums defined as in (5.i), and D *any sum ranging
over all JED with JCI for some IE Dy and Hﬁ(f) —a(I)” =&, Then we have

(6.1) THlsll <& X leW <&

We shall also denote by D_*P any sum ranging over all JED with JCI for
some I€D, and Hﬁ(f)—a(I)H =&, and by Z(”) the complementary sum

Son=3"m— % *D We have

6.2 |[v=-Zls0ll <& Xl Zolsl - llol] <&
We shall denote by 7, 7’ arbitrary points &1, 7' & J. Note that

(6.3) x| flpe), 6| = M [l = Mg,

(6.4) >l 6| = M X o] = Mt < e

Note that for each IED, and all JCI, JED, the points '€ J, 1€, lie in
I, and by w(D) £8(D) we conclude that w(l) £w(D) £6(D) <A=p=s<fand
hence ”p(r’)—p(‘r)“ <w(l)<¢. For the same J, JED, JCI, not included in
the sum Y_* we have also ||8(J) —a(I)|| <%, and hence

| 6", BD] = flp(r), aD]| < ¢/2M.
Let
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A =3 | 20 flp@), 6] = flp(), ¢,
and observe that 3 (=Y D4 > D 37,3 (*D= 3 * Hence
A = 2 | flp@), 6]
+ 2 | 200 flp), BN = flp(), aD]] (D] |
< Mg+ 0 | Zov {flp(), 8] = flp@), e}l
+ /6@, aIf Z P [lo]| - eI} |
S Mt -+ (/2M) 21 2200 [|o ()|
+u 2 [ 200 o] - lle@Il |
< Me+ (¢/2M) 2ollol| + M 2k | @[] — [lo]] |
+ M 22+ ¢l
By the relations (6.2) and (6.3) we have now
(6.5) AS ME+ (/2M)(V+ 8+ ME+ MES3ME+ /2 < ¢/2+ ¢/2 = .
Relations (6.4) and (6.5) can be now rewritten in the form
2| Xve0) —e| <o  X|e0)] <¢

and this proves that ®(I) is quasi additive, where §(D,) <u(£*/48k) and §(D)
<N\(£%/48k, Dy), and the numbers u, X do not depend upon the choices of
the points 7& 1, 7'&€J. Thus (6.i) is proved.

REFERENCES

1. L. Cesari, Surface area, Princeton University Press, 1956.

2. S. Kempisty, Fonctions d'intervalle non additives, Actualités Sci. Ind. No. 824, Paris
Hermann, 1939.

3. H. Kober, On the existence of the Burkill integral, Canad. J. Math. vol. 10 (1957) pp.
115-121.

4. G. de Rham, Variétés différentiables, Actualités Sci. Ind. No. 1222, Paris, Hermann,
1955.

5. A. Rosenthal, Set functions, Albuquerque, University of New Mexico Press, 1948.

6. L. Tonelli, (a) Sulle funzioni di intervallo, Ann. Scuola Norm. Sup. Pisa (2) vol. 8 (1939)
pp. 309-321; (b) Fondamenti di calcolo delle variazioni, 2 vols., Bologna, Zanichelli, 1922-1923.

7. H. Whitney, Geomelric integration theory, Princeton University Press, 1957.

8. A. C. Zaanen, Theory of integration, New York, Interscience, 1958.

9. L. H. Turner, An invariant property of Cesari's surface integral, Proc. Amer. Math. Soc.
vol. 9 (1958) pp. 920-925.

10. J. Serrin, A new definition of the integral for non-parametric problems in the calculus of
variations. Acta Math. vol. 102 (1959) pp. 23-32.

UNIVERSITY OF MICHIGAN,
ANN ARBOR, MICHIGAN



